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1 Weyl’s Criterion and Weyl’s Theorem

1.1 Weyl’s criterion

Last time, we had Spec(S) = Specd(A) t Specess(A), where Specd(A) is the set of isolated
eigenvalues of A of finite multiplicity.

Proposition 1.1 (Weyl’s criterion). λ ∈ Specess(A) if and only if there exists a sequence
un ∈ D(A) with ‖un‖ = 1, such that un → 0 weakly and ‖(A− λ)un‖ → 0.

Such a sequence is called a Weyl sequence.

Lemma 1.1. Let λ be an isolated point of Spec(A). Then λ0 is an eigenvalue, and

E({λ0}) =
1

2πi

∫
γ
(z −A)−1 dz,

where γ is a small circle centered at λ0 with Spec(A) \ {λ} away from int(γ).

Proof. E(M) = 0 if M ∩ Spec(A) = ∅. For all small enough ε > 0, we have

0 6= E((λ0 − ε, λ0 + ε)) = E({λ0}),

so λ0 is an eigenvalue. Compute

1

2πi

∫
γ
〈(z −A)−1u, u〉 dz =

1

2πi

∫
γ

∫
1

z − λ
d〈Eλu, u〉 dz
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=

∫ (
1

2πi

∫
γ

1

z − λ
dz

)
d〈Eλu, u〉

The part in the parentheses equals 1 if λ ∈ int(γ) and 0 if λ /∈ int(γ).

=

∫
1int(γ)∩R(λ) d〈Eλu, u〉

= 〈E({λ0})u, u〉
= 〈E(int(γ))u, u〉.

Now we can prove Weyl’s criterion.

Proof. ( ⇐= ): Assume that there is a sequence un ∈ D(A) with ‖un‖ = 1, such that
un → 0 weakly and ‖(A − λ)un‖ → 0. Then λ ∈ Spec(A). Assume that λ ∈ Specd(A).
Then, using

(z −A)un = (λ−A)un) + (z − λ)un,

we have

(z −A)−1un =
1

z − λ
un − (z −A)−1

1

z − λ
(λ−A)un.

Integrate over γ to get

E({λ})un = un −
1

2πi

∫
γ
(z −A)−1(z − λ)−1(λ−A)un dz︸ ︷︷ ︸

→0 in H

.

We get that ‖E({λ})un − un‖ → 0. E({λ}) is finite rank, so it is compact. Therefore,
E({λ})un → 0, which contradicts the fact that ‖un‖ = 1.

( =⇒ ): Let λ ∈ Specess(A). We claim that for all ε > 0, dimE((λ− ε, λ+ ε))H =∞.
Indeed, assume that dimE(I)H <∞ for some I = (λ− ε, λ+ ε). Then write

H = E(I)H⊕ E(Ic)H,

which is a closed, orthogonal direct sum. This composition reduces A, and Spec(A|E(I)H)∩
I 6= ∅. Hence, Spec(A) ∩ I = Spec(A|E(I)H), which is finite, of finite multiplicity. So
λ ∈ Specd(A).

If dimE({λ})H = ∞ (λ is an eigenvalue of ∞ multiplicity), we let un ∈ E({λ})H be
an orthonormal sequence. In general, we can find a sequence εn ↓ 0 such that

Pn = E((λ− εn, λ− εn+1) ∪ (λ+ εn+1, λ− εn)) 6= 0, PnPm = 0, n 6= m.

It suffices to take un ∈ PnH of norm 1.
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1.2 Weyl’s theorem

Theorem 1.1 (Weyl). Let A,B be self-adjoint, bounded from below, and such that for
some c ∈ R, (A+ c)−1 − (B + c)−1 is compact. Then Specess(A) = Specess(B).

Proof. We check that Specess(A) ⊆ Specess(B). Let λ ∈ Specess(A), let un be a Weyl
sequence for A at λ, and let vn = (B + c)−1(A + c)un ∈ D(B). Write (B + c)−1 =
(A+ c)−1 +K, where K is compact. Then

vn = un +K(A+ c)un

= un +K(A− λ)un︸ ︷︷ ︸
→0

+K (λ+ c)un︸ ︷︷ ︸
→0 weakly︸ ︷︷ ︸
→0

.

So ‖vn‖ ≥ 1/2 for all large n. Hence, wn = vn
‖vn‖ ∈ D(B), wn → 0 weakly, and (B−λ)wn →

0 since

(B − λ)vn) = (B + c)vn − (−λ− c)vn
= (A+ c)un − (λ+ c)vn

= (A− λ)un︸ ︷︷ ︸
→0

−(λ+ c) (vn − un)︸ ︷︷ ︸
→0

.

1.3 Applications

Example 1.1. Consider P0 = −∆ on Rn, and let P = P0 + q with q ∈ C(Rn;R) such that
q → 0 as |x| → ∞. P and P0 are self-adjoint with D(P ) = D(P0) = H2(Rn), and let us
check that (P + c)−1 − (P0 + c)−1 is compact:

Let us write (P+x)u = (P0+c)u+qu and replace u ∈ H2 by (P0+c)−1u for u ∈ H2(Rn).
Then u ∈ L2 with

(P + c)(P0 + c)−1u = u+ q(P0 + c)−1u.

Apply (P + c)−1 to get

(P0 + c)−1u = (P + c)−1u+ (P + c)−1q(P0 + c)−1u.

We get the resolvent identity

(P + c)−1 − (P0 + c)−1 = −(P + c)−1q(P0 + c)−1.

Let us check that q(P0 + c)−1 : L2 → L2 is compact: Approximating q by a sequence
qj ∈ C0 (uniformly), we may assume that q ∈ C0(R). If χ ∈ C∞0 (Rn) with χq = q, we get

q(P0 + c)−1 = q(χ(P0 + c)−1) : L2 → H2 ∩ E(supp(χ))→ L2,
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where the second map is compact. We get

Specess(P ) = Specess(P0) = [−∞),

so
Spec(P ) = [0,∞) ∪ {negative eigenvalues},

where negative eigenvalues may only accumulate at 0.

If q is rapidly decreasing at ∞, then Spec(P ) ∩ (−∞) is finite and

# of negative eigenvalues ≤ Cn
∫
|q|n/2 dx.

For n ≥ 3, this is the Cwikel-Lieb-Rozenblum estimate (1972-1977). Observe that there
are no negative eigenvalues if q is small.

Example 1.2. Let P = −∆ + q with q ∈ C(Rn) and q ≥ 0. Let η = lim inf |x|→∞ q(x) ∈
[0,∞]. We claim that inf Specess(P ) ≥ η (Spec(P ) is discrete in (0, η)). We may assume
that η <∞. Let

A = −∆ + max(q, η), B = q −max(q, η) ∈ C(Rn).

Then B(x) → 0 as |x| → +∞. We get that B(A + c)−1 is compact on L2, since (A +
c)−1(L2) ⊆ H1(Rn). Thus,

Specess(−∆ + q︸ ︷︷ ︸
=A+B

) = Specess(A) ⊆ Spec(A) ⊆ [η,∞).
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